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Abstract: The pseudoscalar current-delta transition form factors are calculated in the framework of relativistic baryon
chiral perturbation theory including order O(q 4 ) . The complex-mass scheme, which is suitable and well-deﬁned for
unstable particles, is taken into account as a renormalization scheme. We discuss the low energy behavior of the
pseudoscalar g̃(Q2 ) and h̃(Q2 ) form factors and note that the momentum dependence of the form factors is dominated
by the pion pole contributions.
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1. Introduction
The ∆(1232) resonance is the most distinguished excitation state of the nucleon which has been worked
extensively both in experimental and the theoretical aspect. Its quantum numbers are I(J P ) =

3 3+
2(2 )

and

the mass is very close to the nucleon bringing along a strong coupling to the πN channel. It has been shown
that ∆(1232) can be included as an explicit degree of freedom into the baryon chiral perturbation theory
(BChPT) in both the resonance domain and πN threshold region (see, e.g., Refs. [1–4]). Chiral perturbation
theory (ChPT) is an eﬀective theory of quantum chromodynamics (QCD) at low energies which analyzes the
interaction of pions with nucleons and external ﬁelds [5–7]. For the purpose to get ﬁnite and physical results,
˜
one applies dimensional regularization (DR) in combination with a modiﬁed minimal subtraction scheme ( MS).
As a result, divergent parts are removed and a consistent power counting (PC) is obtained. While in the
mesonic sector PC works very well thanks to the small mass of the pions, for the baryonic sector things turn
out to be more complicated since the nucleon mass does not vanish in the chiral limit [8]. The solution is to
choose a suitable renormalization scheme. Extended on mass shell scheme (EOMS) is one of them that solves
˜ in the relativistic
the problem including a ﬁnite subtraction of PC violating terms in addition to the DR+ MS
BChPT framework [9, 10]. Thus, only those terms that violate the PC are subtracted and a consistent theory is
achieved at the end. We calculate the ∆(1232) transition form factors via pseudoscalar current in the framework
of relativistic BChPT with the complex-mass scheme (CMS) which is the precise formalism inferred from the
EOMS to unstable particles. It has been proved that the CMS is an eﬀective method used in the Standard
model at ﬁrst and applied in diverse calculations within the eﬀective theory of strong interactions [11–15].
This is the ﬁrst time the pseudoscalar form factors are calculated in BChPT treating the ∆(1232) as
an unstable particle. Analyzing the ∆(1232) baryon experimentally is a challenge because of the very short
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lifetime of it, 10−23 s. For that reason, there is a lack of measurements of the pseudoscalar form factors of the
∆(1232) in particular. Pseudoscalar current to ∆(1232) transition form factors have been investigated recently
in the framework of Lattice QCD [17] and light-cone QCD sum rules [16]. We confront our results with those
obtained in these diﬀerent approaches. Lattice QCD and QCD Sum rules are some of the methods to understand
the low-energy behavior of QCD. While ChPT and Sum rules are the analytic approaches to work with QCD,
Lattice QCD is a numerical approach to solve QCD Lagrangian. ChPT is based on the spontaneously and
explicitly broken chiral symmetry which plays a fundamental role at those low energies. We work with a chiral
Lagrangian with explicit ∆(1232) baryon and physical pion mass at the energies below 1 GeV, whereas Ref. [17]
is eﬀective in a higher energy regime using relatively large pion mass (≥ 297 MeV) compared to our method.
As concerns the light-cone QCD sum rule approach used in Ref. [16], the relevant degrees of freedom are quarks
and gluons as in the Lattice method instead of baryons and mesons in ChPT. Further, it works in a higher
momentum transfer region around 10 GeV2 . Thus, the method used here gives complementary information for
the form factors of the relevant transition which is presented.
In the current work, the pseudoscalar form factors of the ∆(1232) are presented in the relativistic BChPT
at O(q 4 ) using CMS. In Sec. II, the eﬀective Lagrangian and the numerical values of the low energy constants
(LECs) are introduced. A brief overview of the power counting and renormalization scheme considered in this
work is given in Sec. III. Sec. IV gives the pseudoscalar current transition matrix element of the ∆(1232) and
calculation of the pseudoscalar form factors. In Sec. V the results as a function of the Q2 are outlined followed
by a discussion of the ﬁndings. Sec. VI contains a summary.
2. Eﬀective Lagrangian
The relevant most general eﬀective Lagrangian for the calculation of the transition form factors up to and
including order O(q 4 ) reads
(1)

(1)

(2)

(1)

Leﬀ = L2 + L4 + LπN + LπN ∆ + LπN ∆ + Lπ∆ + ...,

(1)

where the ellipsis denotes terms of higher-order than four. The locally invariant pure mesonic Lagrangians at
chiral order O(q 2 ) and O(q 4 ) are given by [7, 8] as
]
[
])
F2( [
Tr Dµ U (Dµ U )† + Tr χU † + U χ† ,
4
])2 l4 [
] [
]
l3 + l4 ( [ †
L4 =
Tr χU + U χ†
+ Tr Dµ U (Dµ U )† Tr χU † + U χ†
16
8
])2 h1 + h3 − l4 [ † ]
l7 ( [ †
+
Tr χU − U χ†
+
Tr χχ
16
4
])2
[
]2
( [
])}
h1 − h3 − l4 {( [ †
+ Tr χU † − U χ† − 2 Tr χU † χU † + U χ† U χ†
+ ...,
+
Tr χU + U χ†
16
L2 =

(2)

respectively with χ = 2B(s + ip) , s and p denote the scalar and pseudoscalar external sources. Only relevant
terms are presented at the mesonic O(q 4 ) Lagrangian. In the calculation of the diagrams simply the LECs l3
and l4 contribute to the matrix element with the numerics l3 = 1.55 × 10−3 , l4 = 2.66 × 10−3 [6]. The scalar
sources are neglected in the deﬁnition of χ as only pseudoscalar sources are of interest. F is the pion decay
constant, Fπ = F [1 + O(m̂)] = 92.4 MeV [18] and B is associated with the quark condensate ⟨q̄q⟩ in the chiral
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ÜNAL/Turk J Phys

limit with B = 2.28 GeV depending on the average quark mass [19]. We employ the SU (2) isospin symmetry
mu = md = m̂, and the lowest order prediction for the pion mass squared is Mπ2 = 2B m̂ . The triplet of pion
ﬁelds is contained in the 2 × 2 matrix U ,
(
U (x) = u2 (x) = exp

)
iΦ(x)
,
F

(
⃗=
Φ = ⃗τ .ϕ

0
√π −
2π

√

)
2π +
,
−π 0

(3)

where τ a are the Pauli matrices and the covariant derivative Dµ U = ∂µ U . The external vector sources and the
axial sources in the deﬁnition of the covariant derivative are ignored as they are not relevant here. Following
leading order (LO) and next to leading order (NLO) Lagrangians are also needed [3, 8, 20]
[
]
g
(1)
/ − mN + A u
LπN = Ψ̄ iD
/ γ5 Ψ,
2
3

(1)

LπN ∆ = g ψ̄µi ξij2 Θµν (z1 )ωνj Ψ + h.c,
3
[
]
b8 j
(2)
j
LπN ∆ = ψ̄µi ξij2 Θµν (z2 ) ib3 ωνβ
γβ + i
ωνβ iDβ Ψ + h.c,
mN
[(
)
(
)
(1)
/ − m∆ g µν − i γ µ Dν + γ ν Dµ + iγµ Dγ
/ ν + m ∆ γµ γν
Lπ∆ = − ψ̄ µ iD

+

(4)

)
]
g2 (
g3
g1
gµν u
γµ uν + uµ γν γ5 + γµ u
/ γ5 +
/ γ 5 γν ψ ν ,
2
2
2

where the isospin structure in the LO Lagrangian of the π∆ is suppressed. Note that the nucleon axial vector
coupling in the chiral limit, gA = 1.2723±0.0023 [21], the nucleon isospin doublet, Ψ and Θµν (z) = g µν +zγ µ γ ν
with oﬀ-shell parameter z . The oﬀ-shell parameters z1 and z2 in the interaction Lagrangian of the pion, nucleon
and Delta are redundant and the physical observables are independent on it [22, 23]. Here, we use z1 = z2 = −1
equivalently. The covariant derivative of Ψ and other chiral building blocks are deﬁned as
(
)
Dµ Ψ = ∂µ + Γµ Ψ,
)
(
) ]
1 [ †(
u ∂µ − irµ u + u ∂µ − ilµ u† ,
2
[ (
)
(
) ]
u = i u† ∂µ − irµ u − u ∂µ − ilµ u† ,

Γµ =

(5)

χ± = u† χu† ± uχ† u,
( i[
])
τ Dν , uβ . We make use of the quark model estimation for the
√
nucleon to Delta transition axial vector coupling constant g = 35 2gA = 1.08 [3]. The LECs b3 and b8
with ωνi =

(

1
2 Tr

τ i uν

)

i
and ωνβ
=

1
2 Tr

have been determined from a ﬁt in a restricted energy domain to the total cross section data for the reaction
πN → ππN in Ref. [24]. Given the relations for these couplings in there, the values b3 = −0.47 GeV−1
and b8 = 0.55 GeV−1 are used in the calculation.

Note that the empirical values mN = 938.3 MeV,

Mπ = 139.6 MeV, z∆ = (1210 − i50) MeV for the parameters [25]. ψµi acts for the vector-spinor isovector3

isospinor Delta as Rarita-Schwinger ﬁeld [26] and ξij2 is a matrix representation of the projection operator
for the isospin- 3/2 component of the Delta ﬁeld. For a detailed description of the building blocks, see Refs.
[27, 28]. In particular, here the relation g2 = g3 = −g1 is taken into account, which is obtained with the usage
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of nontrivial constraints among the coupling constants in Ref. [27]. Furthermore, we employ the value of this
LO π∆∆ -coupling determined by Ref. [24] of g1 = 1.68 ± 1.38 in the calculation. This value of g1 has been
extracted from the same ﬁt where the LECs b3 and b8 are determined accordingly.
3. Power counting and renormalization scheme
A power counting scheme is necessary to decide on the relative importance of Feynman diagrams. In ordinary
mesonic ChPT, there is an exact correspondence between the loop expansion and the chiral expansion in powers
of small quark masses and external momenta. To incorporate heavier particles, such as the delta baryon, into
the theory as an explicit degree of freedom one needs to choose an expansion parameter consistently with the
systematics of the theory. We make use of the so-called small scale expansion (SSE) or ϵ expansion [3] with the
expansion parameter
{ q M
δ }
π
ϵ∈
,
,
,
(6)
Λχ Λχ Λχ
where the diﬀerence in the nucleon-delta mass δ ≡ m∆ − mN is included in the same chiral order as the pion
mass and the momentum transfer q, Mπ ∼ δ ≪ Λχ with the typical scale of the theory Λχ ≈ 1GeV.
One has to renormalize the ultraviolet divergencies occurring from loop diagrams to obtain physically meaningful
results. By removing divergencies, the renormalized parameters are obtained equal to their physical values in
the chiral limit. CMS is the generalization of the on mass shell scheme to unstable particles wherein the ﬁnite
width eﬀects are employed. In this renormalization scheme, we split the bare parameters of the Lagrangian into
complex renormalized parameters and counter terms. The renormalized complex mass zR is chosen as a complex
(
)
pole of the full propagator of the unstable particle in the chiral limit: m0 = mR + i Γ2R + δm ≡ zR + δm with
the renormalized width of the resonance ΓR , the bare mass m0 and the counter term δm . The renormalized
masses are included in the propagators and treated the counter terms perturbatively. In this way, physically
measurable observables are identiﬁed by a set of real-valued functions with complex arguments.
4. The ∆(1232) → ∆(1232) pseudoscalar transition form factors
The pseudoscalar current matrix element between initial and ﬁnal Delta states can be parametrized as
[
(
)]
1 αβ 5
qα qβ 5
2
2
⟨∆(pf , sf ) | P (x) | ∆(pi , si )⟩ = ūα (pf , sf ) −
g γ g̃(Q ) +
γ h̃(Q ) uβ (pi , si ),
2
4m2∆

(7)

3

α
where P (x) = ψ̄(x)γ5 τ2 ψ(x) and Q2 = −q 2 , q α = pα
f −pi are the physically relevant pseudoscalar density oper-

ator and momentum transfer, respectively. The initial and ﬁnal Rarita-Schwinger vector-spinors uβ (pi ), ūα (pf )
satisfy the following constraint equations
ūα (pf , sf )p
/f = z∆ ūα (pf , sf ),
ūα (pf , sf )γ α = 0,

γ β uβ (pi , si ) = 0,

p
/i uβ (pi , si ) = z∆ uβ (pi , si ),
ūα (pf , sf )pα
f = 0,

pβi uβ (pi , si ) = 0,

(8)

2
2
with a complex mass z∆ and on-shell conditions p2i = z∆
, p2f = z∆
. Because the Delta is a spin and isospin-3/2

particle it is described as a vector-spinor isovector-isospinor ﬁeld ψµν,ab . We denote here only the Lorentz-vector
and the Dirac-spinor indices and omit the isovector and isospinor indices. Tree-level and one-loop Feynman
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diagrams contributing to the delta matrix element of the pseudoscalar current are sketched in Figure 1. There
is no diagram of chiral order two and four at tree-level. Only tree-level diagrams of O(q 1 ) and O(q 3 ) contribute
to the considering transition. Vertex Functions are the sums of all diagrams, which participate in the given
process, multiplied by factors of the wave function renormalization constant, Z . Thus, a calculation at O(q 4 )
requires to consider the wave function renormalization constant for the Delta, as the chiral order of Z starts
from two. On the other hand, because the physical values of the coupling constants are used in the calculation,
the evaluation of the wave function renormalization constant of the Delta is not necessary.

Figure 1. Contributions to the pseudoscalar current-delta transition form factors up to and including order O(q 4 ) . The
double, solid and dashed lines correspond to the delta, nucleon, and pion respectively. While the ﬁlled circles denote the
ﬁrst and second-order interaction vertices increasing in size progressively, the crossed circles represent the interaction
with the external pseudoscalar source at orders two and four (the bold one at the top row in the center).

Calculation of the diagrams has been done using Mathematica packages FeynCalc, LoopTools, and
Package-X. After we calculated the diagrams of Figure 1, used the constraint relations in Eq. (8) and simpliﬁed
the algebra, it has been concluded the results have a tensor structure as in the following
S µν (pi , pf , µ, ν) = k1 g µν + k2 pµi pνf .

(9)

Here, k1 and k2 are the coeﬃcients of the Lorentz structures described by matching the result of the diagrams
S µν (pi , pf , µ, ν) with the structure of Eq. (7). In this way, the form factors g̃ and h̃ have been extracted from
the analytic expressions of the diagrams. Our results for the pseudoscalar form factors g̃ and h̃ are shown in
Figure 2. A discussion of the results is given in the next section.
5. Results
The calculation of the tree-level diagrams which are shown in Figure 1 gives the contribution only to the form
factor g̃
g̃(Q2 )1 =

4Bg1 z∆
,
9(Mπ2 + Q2 )

8Bg1 z∆ Mπ2
g̃(Q )2 = 2
(l3 + l4 ),
9F (Mπ2 + Q2 )
2

284

(10)

ÜNAL/Turk J Phys

where the subscripts 1 and 2 represent the contributions of the ﬁrst and second tree-level diagrams. We
show the one-loop contributions to the g̃ and h̃ which also expresses Q2 momentum dependence in Figure
2. Clearly seen that the form factors are dominated by the pion pole contribution at low energies as in the
case of the induced pseudoscalar form factor of the nucleon [29]. This is not a surprise once looking at the
contributed Feynman diagrams of the transition. That is, the diagrams where there are an external pion and
correspondingly the pole of that propagators are the main contribution. Moreover, the spontaneous breaking of
the chiral symmetry leads to a large pion cloud eﬀect, which is responsible for the observed pion pole dominance
structure in the low-Q2 domain. It has been also seen that the form factor g̃ is more dominant than h̃ and the
dominant contributions come from the tree-level diagrams, while loop corrections are small.
The relativistic BChPT is a low-energy regime method compared with, e.g., Lattice QCD. Hence, a oneto-one comparison is not always possible. Nevertheless, one can say that the lattice and Sum rule results for
the same quantities are in good agreement with the present study, as they both display a pion pole dominance.
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Figure 2. Q2 dependence of g̃ and h̃ form factors.

It can be seen from Eq. (7) only the form factor g̃(Q2 ) can be extracted at Q2 = 0 . At this zero transfer
momentum limit, the pseudoscalar form factor reduces to g̃(0) = 68.52 . Once this value is compared with the
one obtained in the sum rule approach, wherein a dipole parametrization has been used for the ﬁt of g̃ , it is
seen that the diﬀerence is pretty large. In our calculation, the numerics substantially governs by the values of
the constant B, which is proportional to the quark condensate, and the coupling g1 . The constant B is deﬁned
by the average quark masses via the Gell-Mann-Oakes-Renner formula [19], Mπ2 = 2B m̂ which varies widely
depending on the masses. The pion-Delta coupling g1 has also diﬀerent values on the literature, e.g., Ref. [30]
presents its value as −1.21 , extracting from a phase shift ﬁt analysis based on the πN scattering amplitude.
Further, it is also emphasized that accurate veriﬁcation of the value of g1 is not provided because of manifesting
itself only in the loop contribution [20]. For other works discussing the numerical value of g1 , see Refs. [20, 24]
and references in there. We hold on to the ﬁt in Ref. [24] where g1 , b3 , and b8 are used simultaneously as free
ﬁt parameters. Therefore, the numerics could be formalized varying on the values of these LECs. On the other
hand, it is diﬃcult to make more comments because there are no precise measurements yet on the pseudoscalar
form factors of the ∆(1232) baryon. Works on the structure of the ∆(1232) continue both on the experimental
and theoretical sides to make these issues clear.
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6. Conclusion
We investigated the low-Q2 behavior of the pseudoscalar form factors of the ∆(1232) resonance in relativistic
BChPT up to the fourth chiral order. We performed the renormalization in the CMS for the unstable ∆(1232)
baryon. We provided the Q2 dependence of the g̃(Q2 ) and h̃(Q2 ) exhibiting a pion pole dominance structure.
We also presented the value of the pseudoscalar form factor g̃ in the limit of Q2 → 0 . Furthermore, we compared
the results with other techniques such as Lattice QCD. In conclusion, the fact that the results are consistent
with one another conﬁrms the accuracy of the chiral eﬀective theory based on SU(2) isospin symmetry limit.
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